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We investigate the ondutane of a quantum wire with two embedded quantum dots using a T-
matrix approah based on the Lippmann-Shwinger formalism. The quantum dots are represented
by a quantum well with Gaussian shape and the wire is two-dimensional with paraboli onnement
in the transverse diretion. In a broad wire the transport an assume a strong nonadiabati harater
and the ondutane manifests eets aused by intertwined inter- and intra-dot proesses that are
identied by analysis of the neareld probability distribution of the transported eletrons.
I. INTRODUCTION
Transport through vertial double dot systems has
been investigated by many groups experimentally [1, 2,
3, 4, 5℄ or theoretially [6, 7, 8, 9, 10, 11, 12℄, just to
mention few. In most of these models the researhers use
eetive Hubbard-type models or exat diagonalization
for few eletrons in order to desribe the eets of higher
order orrelations on the eletron transport. Other stud-
ies have foused on desribing the eets of the intera-
tion of the geometry of the leads and the quantum dot,
where ommonly, the system trated is a dot embedded
in a quantum wire [13, 14℄. The fous has then been on
resonanes aused by the interplay of the disrete quasi-
bound states of the dot and the ontinuum of the wire
[15, 16℄.
Here we report our investigation on a system omposed
of a quasi two-dimensional quantum wire in no exter-
nal magneti eld with a paraboli onnement in the
diretion transverse to the transport. Embedded in the
quantum wire we have two idential quantum dots whose
enters are separated by the distane 2d, but the eetive
size of the smoothly Gaussian shaped dots is on the order
of d/8. We shall onsider a narrow wire hosen suh that
the depth of the dot is a bit larger than the energy sep-
aration of the unperturbed subbands of the wire, and a
broad wire where the subband separation is only 1/10 of
the dot depth. We onsider two dierent dot sizes, but in
both ases the eetive size of the dot does not broaden
the wire. We are thus onsidering a wire with embedded
dots in between the limit where the dots are similar to an
impurity represented by attrative δ-funtions, and the
ase where the dots an be onsidered of the same width
or wider than the wire. We assume the eletrons to be
inident in some of the lowest lying energy subbands of
the wire, but due to the geometry of the system we have
to inlude several more subbands in the alulation in
order to desribe the transport orretly.
II. MODELS
We onsider a multi-mode transport of eletrons along
the z-diretion through a two-dimensional quantum wire
dened by a paraboli onnement in the x-diretion
with the harateristi frequeny E0 = h¯Ω0. The ele-
trons inident from the left (z → −∞) impinge on a sat-
tering potential omposed of two Gaussian wells loated
at z = ±d
Vsc = V0
{
e−β((z−d)
2+x2) + e−β((z+d)
2+x2)
}
. (1)
The sattering modes are expanded in the transverse
modes χm
ψ+nE(r) =
∑
m
ϕnmE(z)χm(x), (2)
that are the eigenmodes of the paraboli onnement
of the quantum wire. An inident eletron with energy
E = h¯2k2n(E)/(2m) + ǫn, where ǫn = h¯Ω0(n + 1/2) an
propagate in mode n if ǫn < E otherwise the state is
evanesent. We use the oupled multi-mode Lippmann-
Shwinger equations [17, 18℄ to establish a set of oupled
integral equations for the T -matrix [19℄ whih in turn is
used to alulate the transmission amplitude that within
the Landauer formalism leads to the linear response on-
dutane at vanishing temperature [20, 21℄
G =
2e2
h
Tr[t†t]. (3)
The T -matrix an also be used to onstrut the proba-
bility density of the sattering states through their wave
funtions [19℄
φnmE(z) = φ
n0
mE(z) +
m
πh¯2
∫ +∞
−∞
dp
√
|p|eipz
k2m − p
2
Tmn(p, kn).
(4)
All matrix elements have been alulated analytially and
speial are has been taken to inlude enough modes in
the numerial alulations to reah onvergent solutions.
The singular part of the integration for the sattering
states (4) and the T -matrix has been ompleted analyti-
ally [19℄.
The mirror symmetry of the sattering potential (1)
along the enter, x = 0, of the wire results in a nite
matrix elements only between transverse modes of the
same parity.
2III. RESULTS
We shall onsider a broad (E0 = h¯Ω0 = 1 meV) or
a narrow (E0 = h¯Ω0 = 6 meV) quantum wire with two
idential embedded quantum dots loated at z = ±d.
The dots are small, with β = 0.01 nm−2, or larger with
β = 0.003 nm−2 in Eq. (1). The depth of the dots or
wells is V0 = −10 meV, and we assume GaAs parameters
yielding the eetive Bohr radius a0 = 9.79 nm, and the
Rydberg Ry = 5.92 meV. Clearly, we an expet the
transport to vary strongly with the width of the wire
sine in the ase of the broad wire several subbands or
modes an be oupled by the sattering potential. In the
narrow wire the harateristi length aw =
√
h¯/(mΩ0) =
13.8 nm, in the broad one aw = 33.7 nm.
A. Narrow wire
The ondutane of the narrow wire is shown in Fig.
1 for both types of dots as funtion of the parameter
X = E/E0+1/2, whose integral part numbers the prop-
agating subbands partiipating in the transport at a par-
tiular energy E. The gure indiates that the main role
of the dots in the narrow wire is to dene a semitrans-
parent avity in between them. In the ase of the small
dots this avity has a well dened length and well known
geometrial resonanes are seen in the ondutane as
the separation, d, of the dots is inreased. When the
dots are larger (lower panel) the higher order resonanes
vanish and one or two dips our in the ondutane,
harateristi of an attrative sattering potential. For
the smallest separation of the dots, when they partially
overlap we see two dips. In Fig. 2 we present the prob-
ability density for three relevant ases in order to better
understand the mirosopi proesses in the system. In
Fig. 2(a) we see the probability density for the large dots
orresponding to the lowest resonane in the lower panel
of Fig. 1, when d = 8a0. As expeted the main proba-
bility density is loated in the avity between the dots.
Interestingly, due to the nite size of the dots we also
see a small density at the loation of eah dot. Here the
eletrons enter the system in the lowest mode n = 0 and
exit the system in the same mode, this together with the
total transmission leads to a onstant probability den-
sity in the wire away from the sattering potential. In
Fig. 2(b) and () we see the probability density at the
dips for the large dots as d = 2a0. The two states aus-
ing the dips are the symmetri and the anti-symmetri
quasi-bound state the latter one ourring at a bit higher
energy as expeted. The struture of the density in ei-
ther ase reminds us that due to the high symmetry of
the dot potential, Eq. (1), the evanesent state ausing
the reetion of the n = 0 mode is in the third subband
with n = 2 and is thus broader than the resonant state
in Fig. 2(a). Due to the high probability density of the
eletrons in the evanesent state we do barely see the in-
oming and the reeted density on the left side of the
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FIG. 1: The ondutane in units of G0 = 2e
2/h of a narrow
paraboli wire with embedded small dots βa2w = 1.90 (upper
panel), and large dots βa2w = 0.571 (lower panel) for dierent
displaement z = ±d from the enter of the wire z = 0 as
funtion of X = E/E0 +1/2. E0 = h¯Ω0 = 6.0meV, V0 = −10
meV, aw = 13.8 nm, and for GaAs a0 = 9.79 nm.
sattering potential on the hosen olor sale.
B. Broad wire
In order to prepare the analyses of the ondution of
a broad quantum wire (E0 = 1 meV) with two embed-
ded dots we rst show in the upper panel of Fig. 3 the
ondution in the broad wire with only one quantum dot
embedded, large or small. The sharp dip seen at the
end of the seond ondution step in a narrow wire is
turned into a broad minimum in the broad wire due to
the stronger oupling between the subbands aused by
the dot in the broad wire.
In the lower panel of Fig. 3 we display the ondutane
of the broad wire with the two embedded dots at d = 8a0.
The presene of the two well separated dots adds onsid-
erably to the ne struture of the ondutane ompared
to the results for one dot. Moreover, this struture in-
volves the oupling of many subbands and thus requires
the inlusion of approximately 16 of them in the numer-
ial alulation in order to reah well onverged results.
3FIG. 2: The probability density of the sattering state
ψE(x, y) in the narrow quantum wire in the presene of two
embedded large dots. The inident energy of the n = 0 mode
orresponds to X = 1.08 and d = 8a0 (a), X = 2.58 and
d = 2a0 (b), and X = 2.80 and d = 2a0 (), orresponding to
the peak and the two dips, respetively, in the ondutane
in the lower panel of Fig. 1. E0 = h¯Ω0 = 6.0 meV, V0 = −10
meV, aw = 13.8 nm, βa
2
w = 0.571.
First, we start with the eletron probability density
shown in Fig. 4 to gain insight into the multitude of pro-
esses taking plae in the ase of the small dots. Simi-
larly, as in the ase of the narrow wire we have a trans-
mission resonane atX = 1.284 aused by a state loated
in the avity between the dots shown in Fig. 4(a). We
also see small probability maxima at the dots themselves.
The seond transmission resonane at X = 2.07 is aused
by the next mode in the inter-dot avity and is shown in
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FIG. 3: The ondutane in units of G0 = 2e
2/h of a broad
wire with one embedded dot at the enter z = 0, (upper
panel), and two dots at z = ±8a0, (lower panel) as funtion
of X = E/E0 + 1/2. E0 = h¯Ω0 = 1.0 meV, V0 = −10 meV,
aw = 33.7 nm, and for GaAs a0 = 9.79 nm. A small dot is
haraterized by βa2w = 11.37 and a large one by βa
2
w = 3.41.
Fig. 4(), but it is also interesting to hek the probabil-
ity density at a bit lower energy X = 1.98, see 4(b). Here
there is onsiderable reetion and as the Figure shows
this an be interpreted as the eletrons being reeted
by the seond dot, the rst dot simply loses its eets
in a minimum in the interferene between the inoming
and reeted wave. Thus, by inreasing the energy to
X = 2.76 we observe a reetion of the rst dot in 4(d).
The valley struture in G around X = 2.76 orresponds
to the eletrons making inter-subband transitions from
n=0 to the subband threshold of the third subband (n=2)
forming a quasi-bound state. The wide valley struture
implies a short life time of suh a state.
At X = 2.86 we see a narrow resonane in the on-
dution. The orresponding probability density in Fig.
5 has the typial struture of an evanesent state in the
third subband for the inoming n = 0 state and a normal
onduting mode for the n = 1 instate. The evanesent
state learly belongs mainly to the rst dot, but is also
fairly extended into the inter-dot avity.
To nish the observation of the ase of the small dots
we examine the eletroni probability density for the two
4FIG. 4: The probability density of the sattering state
ψE(x, y) in the broad quantum wire in the presene of two
small embedded dots entered at z = ±8a0. The inident
energy and modes orrespond to: (a) X = 1.284 and n = 0,
(b) X = 1.98 and n = 0, () X = 2.07 and n = 0, and (d)
X = 2.76 and n = 0. E0 = h¯Ω0 = 1.0 meV, V0 = −10 meV,
aw = 33.7 nm, and βa
2
w = 11.37.
FIG. 5: The probability density of the sattering state
ψE(x, y) in the broad quantum wire in the presene of two
small embedded dots entered at z = ±8a0. The inident en-
ergy and modes orrespond to: (a) X = 2.86 and n = 0, (b)
X = 2.86 and n = 1. E0 = h¯Ω0 = 1.0 meV, V0 = −10 meV,
aw = 33.7 nm, and βa
2
w = 11.37.
narrow dips found at X = 3.88, and 3.94. These are
presented in Fig. 6 for the two lowest inoming modes
n = 0 and 1. Here the rst and the third mode ondut
partially, as an be onrmed for the n = 0 mode in Fig.
6(a) and (). The two n = 0 modes are almost idential,
but the seond inoming mode n = 1 is reeted due
to an interation with an evanesent mode in the fourth
n = 3 subband. The evanesent modes in Fig. 6(b) and
(d) show the symmetry of the fourth band and are the
distint two lowest symmetri and antisymmetri quasi-
bound states of the dot system.
The system with larger dots allows for a riher mix-
ture of intra and inter-dot proesses or states. The lowest
transmission resonane is now a broad feature with a or-
responding eletroni probability density that is a lear
superposition of a state in the inter-dot avity and states
loated at eah dot, see Fig. 7(a). The next transmission
resonane at X = 2.28 is narrow and for the inoming
n = 0 mode is omposed of a state with a high propor-
tion of a pz-type atomi orbital or higher on eah dot as
the probability in Fig. 7(b) shows. The n = 1 in-mode on
the other hand is basially a py-type state in the inter-
dot avity and to lesser degree py-states at eah dot, see
Fig. 7(). In the ondutane minimum at X = 2.77 we
5FIG. 6: The probability density of the sattering state
ψE(x, y) in the broad quantum wire in the presene of two
small embedded dots entered at z = ±8a0. The inident
energy and modes orrespond to: (a) X = 3.88 and n = 0,
(b) X = 3.88 and n = 1, () X = 3.94 and n = 0, and (d)
X = 3.94 and n = 1. E0 = h¯Ω0 = 1.0 meV, V0 = −10 meV,
aw = 33.7 nm, and βa
2
w = 11.37.
FIG. 7: The probability density of the sattering state
ψE(x, y) in the broad quantum wire in the presene of two
large embedded dots entered at z = ±8a0. The inident en-
ergy and modes orrespond to: (a) X = 1.55 and n = 0, (b)
X = 2.28 and n = 0, () X = 2.28 and n = 1, (d) X = 2.77
and n = 0 E0 = h¯Ω0 = 1.0 meV, V0 = −10 meV, aw = 33.7
nm, and βa2w = 3.41.
6observe the familiar evanesent mode (Fig. 7(d)) in the
third subband reeting a large portion of the inoming
wave.
At X = 3.67 the ondutane displays a narrow reso-
nane that is aused by an evanesent state in the fourth
subband interating with the seond inoming mode as
an be veried by the probability density shown in Fig.
8(b). Here is also urious to note that the sattering po-
tential mixes up the rst and the third inoming modes;
Fig. 8(a) shows the inoming n = 0 state leaving the sat-
tering region in the n = 2mode, and the opposite proess
is seen happening in Fig. 8(). In the rst ase there is a
onsiderable probability for the eletron in the rst dot,
and in the seond ase this is reversed. Here, one should
remember that even though we talk about large dots in
this ase the eetive size of the dots is omparable to
the width of the inoming state and thus the third mode
is quite broader than the dot, and the broadness of the
wire leads to large matrix elements between the the rst
and the third mode of the wire. This mixing of inoming
states, a harater of nonadiabati transport, or rosstalk
between the hannels or modes, is not limited to the peak
at X = 3.67. At the broader peak at X = 4.3 the same
also happens for the odd modes n = 2 and n = 4.
As expeted, for higher energy the ondutane of the
broad wire beomes similar for the small and the larger
dots exept for the Fano resonanes that represent quasi-
bound states present in the energy ontinuum that de-
pend on the shape of the pertinent dots.
IV. SUMMARY
We have explored the transport through a quantum
wire with two embedded quantum dots that are not
broader then the wire. We nd in the transport an in-
terplay between intra- and inter-dot sattering proesses.
In partiular, we nd for the larger dots in a broad wire
drasti expamles of nonadiabati transport [13℄. Bryant
explores the transport through a hard-wall quantum wire
with a quantum dot dened by a tapered enter and sep-
arated from the wire region by two retangular barriers
[13℄. He nds the mode-mixing eets to be more impor-
tant when the transmission ours by resonant tunneling
and when the tapering is not quite smooth. Here we
observe strong mode-mixing in ballisti transport when
the energy subbands of the wire are losely spaed on the
sale of the depth of the quantum dots and the size of the
dots results in large matrix elements between the various
transverse modes. Here is important that the symme-
try of the entered dots establishes seletion rules for the
matrix elements that are thus of very variable magni-
tude. Also, even though one quantum dot of Gaussian
shape an be onsidered smooth, then it is more diult
to measure the smoothness of the system of two smooth
dots very well separated.
The methods employed to alulate the ondutane
have been applied to wires with paraboli (here) and hard
FIG. 8: The probability density of the sattering state
ψE(x, y) in the broad quantum wire in the presene of two
large embedded dots entered at z = ±8a0. The inident
energy and modes orrespond to: (a) X = 3.67 and n = 0,
(b) X = 3.67 and n = 1, and () X = 3.67 and n = 2
E0 = h¯Ω0 = 1.0 meV, V0 = −10 meV, aw = 33.7 nm, and
βa2w = 3.41.
wall onnement [19℄ in the transverse diretion and are
appliable to general sattering potentials as long as are
is taken in seleting a suient number of input modes.
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